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ON THE NUMBER OF L..,-EQUIVALENT
NON-ISOMORPHIC MODELS

SAHARON SHELAH AND PAULI VAISANEN

ABSTRACT. We prove that if ZF is consistent then ZFC + GCH is consistent
with the following statement: There is for every k£ < w a model of cardi-
nality N1 which is Leow;-equivalent to exactly k£ non-isomorphic models of
cardinality Ni1. In order to get this result we introduce ladder systems and
colourings different from the “standard” counterparts, and prove the following
purely combinatorial result: For each prime number p and positive integer m
it is consistent with ZFC + GHC that there is a “good” ladder system having
exactly p™ pairwise nonequivalent colourings.

1. INTRODUCTION

If M is a model, card(M) denotes the cardinality of the universe of M. Suppose
M and N are two models of the same vocabulary and « is a cardinal. We write
M =0 N if M and N satisfy the same sentences of the infinitary language Loo-
For a definition of L., the reader is referred to [Dic85|. For any model M of
cardinality «, define

No(M) = card({]\/’/§ | card(V) =k & N =i M}),

where /22 is the equivalence class of A/ under the isomorphism relation. We study
the possible values of No(M) for models M of cardinality N;. In particular, we
prove the following theorem:

Theorem 1. Assuming ZF is consistent, it is consistent with ZFC+ GCH that

there is for every k < w a model M (of a vocabulary of cardinality < Ry) such that
card(M) =Ry and No(M) = k.

When M is countable, No(M) = 1 by [Sco65]. This result extends to structures
of cardinality k when k is a singular cardinal of countable cofinality [Cha6§]. So
the study of possible values of No(M) is divided into the following cases according
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to the cardinality of M:

1) card(M) is weakly compact;
2) card(M) is singular of uncountable cofinality;
3) card(M) is uncountable, regular, and non-weakly compact.

In [She82a] Shelah was able to show that when x is a weakly compact cardinal
there is for every non-zero cardinal u < k, a model M such that card(M) = k and
No(M) = u. In a paper which is in preparation by the authors, the problem of
the possible value of No(M) between « and 2% for a model M of weakly compact
cardinality is completely solved.

Shelah has considered the singular case in two of his papers [She85], [She86]. Let
k be a singular cardinal of uncountable cofinality. In the former paper it is shown
that if one allows relation symbols of arbitrarily large arity < s and p is a non-zero
cardinal with ;°f(®) < k, then there exists a model M of singular cardinality x with
No(M) = p. In the latter paper Shelah gives a general way to build models M with
relations of finite arity only and for which the value of No(M) is quite arbitrary:
for every non-zero cardinal p € kU {x°f(*)}, there exists a model M of cardinality
k such that No(M) = u and its vocabulary consists of one binary relation symbol,
provided that 6¢'(%) < k for all § < k. The paper [SheS6] together with the recent
paper [SV] offers a complete answer to the singular case provided that the singular
cardinal hypothesis holds. For example, it follows that No(M) = & is possible, even
in L.

If V =L and k > N; is a regular cardinal which is not weakly compact, No(M)
has value either 1 or 2% for all models M having cardinality k. For x = N; this
result was first proved in [Pal77al]. Later Shelah extended the result to all other
regular non-weakly compact cardinals in [She81H].

It seems that there are no published independence results about the case that
card(M) is a regular but not weakly compact cardinal. But it is known that the
independence result given in [She8Ta] implies the consistency of “there is a model
M of cardinality 8; such that No(M) = Ry” with ZFC+ GCH. Namely, in [She81al
Shelah proves it is consistent with ZFC+ GCH that there is a group G for which
the group of extensions of Z by G, in symbols Ext(G,Z), is the additive group of
rationals. Here Z is the additive group of integers. Then one extension of Z by G
can be directly coded to a model M such that No(M) = card(Ext(G,Z)) = No.
The Loow,-equivalence between two coded models follows from the group theoretic
properties of G (G is strongly Ri-free). But Ext(G,Z) is a divisible group, and
hence this coding mechanism is not applicable to the case 1 < No(M) < Ng. So
it remained unknown whether it is consistent to have a model M of cardinality N;
for which 1 < No(M) < N,.

As Shelah did with the Whitehead problem, we transform Theorem 1 into a
question of the nature of pure combinatorial set theory. The combinatorial problem
will be a variant of the uniformization principles and ladder systems given for
example in [She82b| or [EM90]. As a matter of fact, the more complicated ladder
systems used here trace back to the papers [She80| and [She81al.

For the benefit of the reader we sketch the “standard” notion of (), 2)-uniformi-
zation. For a limit ordinal § < wy, a ladder on § is a strictly increasing w-sequence
of ordinals with limit . Let S be a set of limit ordinals below w;. A ladder system
on S is a function 1 : S — “w; such that each 7(d) is a ladder on §. A 2-colouring
on S is a function ¢ : S — “{0,1}. For all § € S and n < w, a 2-colouring ¢ on
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S associates the element cs,, (the (n 4 1)th element of the sequence ¢(J)) to each
“step” ns,, of a ladder system 7 on S, hence the name 2-colouring. A 2-colouring
¢ on S can be uniformized if there is a function f : w; — {0,1} satisfying the
condition that for all § € S there is m < w such that for all n < w, n > m implies
f(ns.n) = ¢s.n- Such a function f is called a uniformizing function, and we say that
¢ is uniform with respect to n. The (), 2)-uniformization holds if every 2-colouring
on S is uniform w.r.t. 7.

For our purpose we need a different kind of ladder system. The main difference
is that instead of the principle “all colourings are uniform” we want to know what
the “number of nonuniform colourings” can be. We consider colourings which take
values in a field, and hence we can define a natural equivalence relation for colour-
ings. (The following definition is from [She80]; see also [ES96], where colourings
which take values in a group are considered.) For 2-colourings ¢ and d on S let
¢ —d be the 2-colouring e on S defined for all § € S and n < w by €5, € {0,1} and
(esn+dsn) = cs,n (mod 2). Then 2-colourings ¢ and d on S are equivalent w.r.t. a
ladder system 7 on S if ¢ —d is uniform w.r.t. 7. The number of pairwise nonequiv-
alent colourings is the number of equivalence classes of 2-colourings on S under the
given equivalence relation. But as it is pointed out in [She80| Theorem 6.2], for any
set S € wy of limit ordinals and any ladder systems on S, the number of pairwise
nonequivalent colourings is either 1 or > 2%, In our transformation of Theorem
1 the value of No(M) will correspond to the number of pairwise nonequivalent
colourings. So, all the cases 1 < No(M) < Xy are ruled out when only standard
ladder systems are considered.

The main result on the combinatorial problem is that, for all finite fields F,

it is consistent with ZFC+ GCH that there are “good” ladder system
and a “good” equivalence for colourings (which take values in F') such
that the number of pairwise nonequivalent colourings is card(F).

Recall that all finite fields are of the size p™ with p a prime number and m a positive
integer.

In standard ladders each step is one ordinal. The principal idea of the “good”
ladders will be to answer the following simple question: what happens if each step
could be a finite set of ordinals, or even a “linear combination” of standard steps?

In order to make our presentation self contained we give proofs of some facts
which are essentially proved elsewhere (mainly in [She77] and [She81a]). In Sub-
section Tl we give the exact definitions for the “good” ladder systems, colourings,
and equivalence. In Subsection we introduce some basic facts about iterated
forcing.

In Section 3 the combinatorial problem is reformulated in a precise form, and
a solution of the problem is presented. Some remarks concerning generalizations
are given in Subsection Since ladder systems and uniformization principles
are also used in abelian group theory and general topology, this section may be of
independent interest.

Section 4 is devoted to the proof of Theorem 1. We take a “good” ladder system
and code each colouring a to a model Mg. Then all of the coded models will
be Loow,-equivalent, and moreover, they are isomorphic if and only if the corre-
sponding colourings are equivalent. So the main result really is a straightforward
consequence of the independence result concerning the combinatorial problem. The
coding technique we have used in the proof of Theorem 1 is a nice trick, and may
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also be of independent interest. Hence Section 4 is written in a way that if the
reader accepts Theorem 2 on faith, she or he can read only Subsection 21l and then
proceed directly to Section 4.

2. PRELIMINARIES

For all sets X, Y, Z, ordinals « and functions f: X — Y
the restriction f[Z has the meaning f[(Z N dom(f)),
XY is the set of all functions from X into Y,
Y is the set of all a-sequences of elements in Y, and <Y is U,3<a sy .
Let S be a subset of a limit ordinal g with uncountable cofinality. The set S is
stationary in p if for all closed unbounded subsets C of p, SN C' is nonempty. The
set S is bistationary in p if S and p ~ S are both stationary in u.

2.1. Ladder Systems and Colourings. Suppose (F,+,-,0,1) is a field. We
denote by Vecr the vector space over F' freely generated by (xe | £ < wi). Suppose
y is an element of Vecr and e¢ € F' are coefficients such that

y= ecwe,
E<wr

where only finitely many of the coefficients are nonzero. The support of y, in

symbols supp(y), is the set {£ < w1 | e¢ # 0}. For all functions f : 4 — F such

that supp(y) € pp < w1, f(y) is a shorthand for the following element of F:

> e f(6).

E<wi
A subset Y of Vecp is unbounded if for all # < w; there is some y € Y for which
6 < min(supp(y)).

Definition 2.1.

a) A Vecp-ladder on ¢, where § < w; is a limit ordinal, is a sequence (y,, | n < w)
of elements in Vecr such that
i) Up<w supp(yn) € 9,
ii) (min(supp(yn)) | n < w) is an increasing sequence of ordinals with limit
6, and
iii) for all n < w, supp(Yn) & U< SUPP(Ym)-

b) A Vecp-ladder system on S, where S is a set of limit ordinals below wy, is a
function x from S into the Vecp-ladders such that for each § € S, x(d) is a
Vecp-ladder on 4.

¢) An F-colouring on S is a function from S into “F. The set of all such
colourings is Colg, .

For all § € S and Vecp-ladder systems @ on S:
the (n + 1)th element in the w-sequence () is denoted by sy,
supp(z(0)) is a shorthand for |J,, ., supp(xs.n);
for a function f with supp(x(d)) € dom(f) and ran(f) € F, f(x(d)) is a
shorthand for the sequence (f(sn) | n < w).
When f is a function with dom(f) = wy and ran(f) € F, f(x) denotes the
function from S into “F which maps each § € S into f(x(d)).
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Definition 2.2. Suppose x is a Vecp-ladder system on S, a € Colg r, and D is
a filter over w including all cofinite subsets of w, i.e., all subsets I of w for which
w ~\ I is finite.

a) If § € S and f is a function with supp(x(d)) € dom(f) € w1 and ran(f) € F,
then f(xsn) = as, for almost all n < w, or in symbols f(x(d)) ~p a(d),
when

{n<w| f®sn) =asn}€D.

b) If f is a function with 4 € dom(f) and ran(f) € F, then f uniformizes
alp+1 with respect to @ and D, when f(x(d)) =p a(d) forall § € SNpu+1.

¢) An F-colouring a on S is uniform w.r.t. x and D if there is f : w3 — F
satisfying f(z(J)) ~p a(0) for all § € S. The set of all uniform F-colourings
on S w.r.t.  and D is Unify p.

d) The set Colg, p forms a vector space over the field F' when addition in Colg g
and operation of F' on Colg, r are defined componentwise, and the unit element
for addition is the function which is constantly 0. Using the addition of this
space, we define a and b in Colg r to be equivalent w.r.t.  and D, written
a ~z p b, if a—b is a uniform colouring w.r.t. © and D. We denote by (a)
the subspace of Colg, r generated by a € Colg, F.

It is easy to see that the set Unif, p forms a subspace of Colg r. So the fac-
tor space Colg r/Unifg p also forms a vector space over F, and consequently, for
all a,b € Cols,r, @ ~z p b if and only if @ and b belong to the same coset of
Colg p/Unifz p. If A and C' are subsets of Colg p then A+Cis{a+c|ac A &
c € C}. Hence (b) + Unif, p denotes the set

{a+c|acb)p & ceUnifyp}
={(e-b)+c|ecF & cecUnifyp}
= {d € Colg,r | there is e € F'such that e- b~ p d}.

Lemma 2.3. Suppose D is a filter over w including all cofinite sets of w, S € wq
is a set of limit ordinals, F is a field, and x is a Vecg-ladder system on S.

a) If a is an F-colouring on S, po < w1, and fo : po — F uniformizes alpg + 1
w.r.t. x and D, then for all py < wi ~ (po + 1), there is an extension
f1:p1 — F of fo which uniformizes a|(u1 + 1) w.r.t.  and D.

b) If S is nonstationary in w1, then all F-colourings on S are uniform w.r.t. x
and D.

¢) Let a be an F-colouring on S and g a function from wy into F. If there exists
p < wy such that g(x()) =p a(d) for all § € S\ p, then a is uniform w.r.t.
x and D.

Proof. @) Suppose S is enumerated by {d, | o < wi}, where §, < dg for all
a < B <wp, and eg’n € F, for £, < wy and n < w, are coefficients such that

a,n
Tsy,n = Z GE Te.
§<ba

Our first task is to find a function g, : supp((da)) — F, for all @ < wy, such that
the equation ga(®s,,n) = D ¢y, €6 9a(§) = @s,,n holds for all n < w. Hence
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consider the following system of equations:

(A) for all n < w, Z 62’” 9o (&) = as, -
£<ba

By Definition ZT@lii) the set supp(es,.n) ~ Usn<pn SUPP(X5,,m) is nonempty for
all n < w. Besides, I is a field. Thus it is possible to define directly by induction

on n < w a solution g, : supp(z(d,)) — F for the system of equations ((A).
We prove the following claim by induction on o < ws:

for all pg < dq and fo : pg — F uniformizing afug + 1, there is fi :

0o — F uniformizing a[d, + 1 and satisfying fo € fi.
Suppose o = 0 and @« = 0. Then f; = go U {(5,0) | €€ do~ dom(go)} satisfies
the claim.

Suppose o = B+ 1, pg < 6q, and fy : po — F uniformizes afpg+ 1. Let g, be a
solution for the system of equations (Al). We may assume po > &, since if not, then
by the induction hypothesis there is f§ : dg — F extending fo and uniformizing
aldz + 1. It suffices to prove the claim for such f{.

Define a function f; : 6, — F, for all £ < §,, by

fo(§) if § € po = dom(fo);
(B) f1(€) =  9a(§) if € € dom(ga) ~ po;
0 otherwise.

Then of course fo € fi1, and, for all § € SNy = (SN po) U{ds}, fi(x(d)) =
fo(z(6)) ~ a(4). By Definition EIl@h), {n < w | supp(es,,») Nz # 0} must
be finite. Therefore also f1(z(da)) = go(x(da)) = a(dq) holds. So fi uniformizes
ald, + 1.

Suppose then that « is a limit ordinal. If the limit sup(S N d,) = 6 is smaller
than d,, i.e., d, is not a limit of its predecessors in S, then we may assume pg =
dom(fy) > @ by the induction hypothesis. Furthermore, the function f; given in
(B)), this time for different « of course, is a uniformizing function for a[d, + 1.

Suppose d, is a limit point in S, i.e., 8§ = d,. Let (€, | m < w) be an increasing
sequence of ordinals in S with limit d,,. By the induction hypothesis there are for all
m < w functions hy, : €,, — F uniformizing ale,, + 1 and satisfying h,, € hpy1.
This time we may assume dom(fp) = po = €9 and fo = hg. Define a function
f1:0q — F, for all £ < d,, by

fo(§) if € <o = po = dom(fo);
f1(€) = 4 9a(§) if £ € dom(ga) ~ dom(fo);
hi(§) otherwise, where | = min {m < w | £ < €, = dom(hy,)}.

In the definition above, g, is a solution for (B). Clearly fo € f1 and fi(x(5)) =
fo(x(8)) ~ a(d) for all § € SNpug. For all § € SNéa, the set {n < w | supp(xs,,)N
(dom( fo)Udom(ga)) # 0} is finite. Thus for all § € SNJ,, there is some m < w such
that f1(x(0)) & hm(2(6)) ~ a(4). Since also {n < w | supp(ws, ) Ndom(fo) # 0}
is finite, f1(x(da)) =~ go(x(da)) = a(dy) holds. So fi uniformizes a[d, + 1.

L) Suppose a is an F-colouring on S, and C' = {ps | @ < w1} is a closed and
unbounded subset of wy disjoint from S. We define by induction on o < w; functions
fo i pta — F such that | J, ., fo is a uniformizing function for a. We may assume
o = 0. So let fy be the function with empty domain. Suppose that « > 0 and, for
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all v < B < a, functions f,, fs, satisfying f, € fg and fg uniformizing afus + 1,
are defined.

If o is a successor of the form 6+ 1, let f, : po — F be some extension of
fs which uniformizes alu, + 1. This is possible by (@). If « is a limit ordinal,
then fo, = U g<ao [p uniformizes afp, + 1 by the induction hypothesis, and since
pa € C N S. Tt follows that f =J,_,, fo uniformizes a.

@) Suppose g : w1 — F satisfies g(x(d)) =~ a(d) for some p < w; and for all
d € S\ u. By (a) there is f : p — F which uniformizes afy + 1. Now, as in the
proof of (a), the function h defined for all £ < wy by

~Jf© it €< p=dom(f);
h(§) = {9(5) otherwise

uniformizes a. O

Remark. Tt is possible to replace min by max in Definition 2.1(a.ii). It is also
possible to replace the filter D in Definition 2.2 by a sequence (D5 | § € S) of
filters. Such replacements allow more freedom, but in the proof of Lemma 2.3 one
needs to prove by induction the following slightly stronger statement: if fy and a
finite extension of it with domain C pp are given, then there is an extension f; as
in Lemma 2.3(a).

On the other hand one may like to replace the field by a ring. In this case for
Lemma 2.3 to work it is convenient to demand, in addition to Definition 2.1(a),
that

the sets supp(yyn), n < w, are pairwise disjoint, and for each n < w, y,, is
such that for every b in the ring F' there is a function f with f(y,) = 0.

However, in our present work there is no real need for these variants.

2.2. Forcing. All forcing arguments are considered to be taking place in the uni-
verse V of all sets. Let (P,<p,1p) be a forcing notion, where 1p is a unique
maximal element with respect to the order <p. The subscript P from 1p will be
omitted everywhere else except in definitions. For all conditions p in P, p IFp ¢
means p forces a sentence ¢. If every condition forces ¢, we write IFp ¢. The order
<p of conditions p,q € P is interpreted so that ¢ is a stronger condition than p
if ¢ <p p. Hence for all sentences ¢, p IFp ¢ implies ¢ IFp ¢, when ¢ <p p. The
subscript P in the notation <p is not written when P is obvious from the context.

Let G be a P-generic set over V. When ¢ is a P-name, the interpretation of o
in the generic extension V[G] is denoted by intg (o). For an object o in V]G], a
P-name for o is written 6, i.e., int¢(6) = o. The canonical name for the generic
set G itself is G. If an object o is in V, we identify the name 6 with the object
o itself instead of using standard names. The only exceptions to these rules are
that the standard names for uncountable cardinals and collections ¥ X are written
Oaand (Y X)V respectively, to distinguish them from the cardinals X, o > 0, and
corresponding collections in the generic extension. If f is a P-name for a function
from X € VintoY € V and z € X, a condition p € P decides the value of f(x)
when there is y € Y satisfying p IFp f(:c) =y.

If P is a forcing notion having Ns-c.c., then P preserves all cofinalities > Ny, i.e.,
for all limit ordinals 6, if cf(6) = k > Ry in V then IFp cf(f) = k. Hence P preserves
all cardinals too, i.e., if A > Ny is a cardinal in V, then IFp “X is a cardinal”.
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Suppose that (P,<p,1p) is a forcing notion in V and @, < _, and iQ are

Q Y
P-names satisfying I-p “(Q, <,,,1q) is a forcing notion”. The two stage iteration

(P*Q, <p.3+1p,q) is defined by

PxQ={(pqd |peP & plpiecQl,

and for the elements in P Q, (P.4) <p.5 (p',q')if bothp <pp and pl-p ((in(j’)
hold. So 1, 4 is the pair (1p, 152). We identify elements (p, q), (p’,q') € P* Q if
both (p, q) <p:d (»',q) and (p',q) <p:d (p,q) hold. This iteration amounts to
the same generic extension as does the composition where one first forces with P

and then with @
An iterated forcing of length wo with countable support,

(Poy, <p,,,1p,,) = CountLim (P, Qa | @ < wa)

is inductively defined for all & < ws as follows.

a) The forcing notion (Py,<p,,1p,) is defined by 1p, = 0, Py = {1p,}, and
SPOZ Py x Py.

b) Suppose, for all § < a, that Qg, é%’ 1q, are given Pg-names and they satisfy

I-p, “(@5, %Q[,,IQ[,) is a forcing notion”.
Moreover, assume that for all § < «,
<Pﬁ7§Pﬁ’1Pﬁ> = CountLim <P“/7Q7 | v <B)

are already defined. It follows from (a) that V' = V[H] for all Py-generic
sets H over V. Hence we assume that @0, < Qo iQO are standard names and
(Qos<qy>1q,) is a forcing notion in V.
The set P, is the collection of all functions p satisfying the following re-
quirements:
i) The domain of p is «, and for each 5 < «a the value of p(5) is a Pg-name
such that p[3 IFp, p(B) € Qp.
ii) The set {8 <« | pIB¥p, p(B) = iQﬁ} is countable.
¢) For all @ < wy and p,q € P,, the order of these conditions is ¢ <p_ p if either
« is a limit ordinal, and

forall 8 <o, qIB8<p,plf,
or otherwise, « is a successor ordinal of the form 4 1, and
qlB <p, pIB,
q16 Fp, 4(8) <, P(B).

d) 1p, is the function which maps each § < « into IQﬁ.

Remark. For all & < wy and p € P,, we let dom(p) denote the set of ordinals
given in (b.ii) above. This set is usually called the support of p. So, one can as
well think that the domain of a condition p € P, really is the set dom(p). We
may write f € P,, a < ws, when f is only a function satisfying dom(f) € « and
fu {(ﬁ,IQﬁ) | € a~dom(f)}is a condition in P,. We abbreviate IFp, by -,
and <p, by <,, or even more compactly by < when the subscript is obvious.
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For each 8 < wa, Pg*@g is isomorphic to Pz via the mapping (p, §) — p ~ (q).
If G4, is a P,-generic set over V, then for each 5 < «, G denotes the Pg-generic
set {p[# | p € Ga}-

Fact 2.4. Suppose o < ws and P, = CountLim (Pg, @g | B<a).

a) If P3 has Ng-c.c. for all B < a, then P, has Ra-c.c.

b) If « = wa, P, has Na-c.c., X is a set in V, and Y s P,,,-name satisfying
Fo, (VY € X & card(Y) < @3), then for all P,,,-generic sets G over V, there
is a < wy such that the subset Y = intg(Y) is already in V[Ga].

c) Let S be a set of limit ordinals < wy and F a field of cardinality < Ry. If2% =
Ry and kg (Card(ég) = card(@)) for all B < «, then there is a collection
(™7 | v < wa} of Py-names satisfying IFo {€*7 | v < @3} = Colg . Such
a collection is called a (Py,ws)-enumeration for 60/1571:,

For a < 8 < ws, p € P, and g € P3 such that p <, ¢[a, the “composition” of
these conditions, in symbols p LI g, is the function having domain « and defined for
all v < a by

_Jp(y) ity < B
(p“q)(”{q(w if 6 < <a.

Then, as in [She77, Definition 1.1 and Fact 1.3] or [Gol93| Definition 1.12 and Fact
1.13], pU g is a condition in Pz and (pLl¢) <g gq.

We shall also need the “quotient” forcing notion (Py s, %aﬁ, 1,.) of an iter-
ated forcing Ps = CountLim (P,, @A, | v < B), where o < 8 < wq. The following
definition is from [Gol93]. The P,-name P, g is such that

FoaPap = {p € Ps | plaeGs},

<., is a Py-name for which

- (Sa,ﬁ = <p rP@ﬁ)a

and Iaﬂ is the standard name for 1p,. So, for all P, generic sets H over V

and p,q € P, = inty(P,g), we have p <, 3 ¢ in V[H] iff p <3 ¢ in V, where
<ap=intg(<, ;). We abbreviate I-p, , by IFq 5.

Fact 2.5. Suppose o < f < wy, H is a P,-generic set over V, 6 is a Pz-name,
and ¢ is a formula. Then there is a Py g-name 6 in V[H] such that the following
hold.

a) Ifpe Pg, pla € H, and p k5 ¢(6), then in V[H] there is ¢ € P, g such that
q<appandqlag ¢(0).

b) If in V[H], r € Py and 7 ko3 ¢(6), then in V there is s € Pg satisfying
s<gr, sla € H, and s I3 ¢(0).

Fact 2.6. Suppose oo < 8 < wa, p,q € P3, and H is a P,-generic set over V. If
both pla € H and qlo € H hold, then there are p’',q' € Pz such that p' <g p,
¢ <pgq, andp'la=qla€c H.
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3. THE COMBINATORIAL PROBLEM

This section is devoted to the proof of the following theorem, which is a precise
form of the theorem described in the introduction.

Theorem 2. Assume the following properties hold in V :

the generalized continuum hypothesis, GCH;

S is a set of limit ordinals below wy and bistationary in wy;

F is a finite field;

Vec is the vector space over F freely generated by (x¢ | § < wi);
D is a filter over w including all cofinite sets of w.

Then there is a forcing notion (P,<,1) of cardinality No such that P satisfies No-
c.c., P does not add new countable sequences, and for every P-generic set G over
V, there is in V[G] a Vec-ladder system x on S such that card(Colg p/Unify, p) =
card(F).

Recall that the conclusion of the theorem is equivalent to the number of pairwise
nonequivalent F-colourings on S w.r.t. @ and D being card(F'). The idea of the
proof will be similar to the proof of [She8Tal Theorem 1].

From now on, all Vec-ladders on ¢ and Vec-ladder systems on S are called simply
ladders on ¢ and ladder systems, all F-colourings on S are called colourings for
short, and Col denotes the set of all F-colourings on S. The subspace of Col
generated by a colouring b is denoted for short by (b).

3.1. Definition of the Forcing. To define an iterated forcing
P = CountLim (P., Qo | o < ws)

it suffices to define names for forcing notions (@a, < On ,IQQ) by induction on a <
wa.

The forcing notion (Qo, <q,, 1o, is defined as follows. The set Q)¢ is ILad x ICol,
where

ILad = {z[0 | z is a ladder system & 6 < w1},
ICol = {clp | c€ Col & p < wi}.

We shorten our notation for p = (216, ¢lu) € Qo by writing

p[1] for z[6 and p[2] for ¢,
e < dom(p) if € < min {0, u}, and
dom(p) < e if max {6, u} <e.

For all pg,p1 € Qo, we define p; <g, po iff p1 coordinatewise extends pg, i.e.,
p1[1] 2 po[l] and p1[2] D po[2]. The pair of functions with empty domain is the
maximal element 1¢, of Qo. If X € Qo is a set of pairwise compatible conditions,
then we define

L{p I pex)=(J | pe X} R | peX}).

Note that Qg is Ni-closed (which means every descending w-chain of conditions has
a lower bound). Hence Qo does not add new countable sequences and X; is not
collapsed.
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For every P;-generic set G; there are P,-names & and l~), for o = 1 (later on «
might be any index in we \ {0}), such that

fi:=U{p 1] | p€Gal
W b= U{p [2] |p€éa}.

So, these names together with a generic set determine a ladder system and a colour-
ing. Hereafter uniform and equivalent mean uniform and equivalent w.r.t. the
generic ladder system & and the filter D. Hence Unifdenotes the set of all uni-
form colourings w.r.t. & and D. Observe that the generic colouring b satisfies
- (b ¢ Unif) as we shall prove in Lemma 3.6.

Forcing notions <Qa, <ous lQu> for 1 < o < wy, are defined in such a way that
each Qa “kills” an undesirable colouring. In order to ensure that all undesirable
colourings will be killed, a bookkeeping function will be needed. Fix a function 7
from wy onto wy X wy such that whenever 7(a) = (8,7), then 8 < a.

The bookkeeping function is useful only if we can ensure that the colourings can
be enumerated by wo. Since we assume GCH, the cardinality of Col is card(*(“F))
= (2™ = 2™ = N,. Hence there is an enumeration {c®7 | 7 < wy} for Col
in V. By Fact 2.4(c) the existence of a (P,,ws)-enumeration for Col follows for
1 < a < wo, if we show that for each § < «,

(1) IFs card(@;;) < card(wy).

Since P, is the trivial forcing {1}, 2% = R;, and card(ICol) = card(ILad) =
(2%0)Ro = R, %0 we have that card(Qg) = Xy, and so (1) holds trivially when § = 0.

Suppose 1 < o < w. Our induction hypothesis is that for each 6 < «, there is a
(Pg,ws)-enumeration {7 | 4 < wsy} for Col, and that kg (card(Qg) = card(wy))
holds. It follows from Fact 2.4(c) that there also exists a (P,,ws)-enumeration
{e*7 | v < wy} for Col.

Definition 3.1. Suppose 7(a) = (8,7v). Then 8 < «a and %7 has been defined.

We define a” to be a P,-name which refers to the same colouring as the Pg-name
&7 ie., for every Py-generic set H over V, intg(a®) = int g, (@7). A P,-name

@a is defined by

oG {1o.} ifa® € (b) + Unif;
“EC T\ Uf(@®)  otherwise;

where iQa is the standard name for the function having empty domain, and Uf(a”)
is a P,-name satisfying

ko Uf(@®)={f | u<w1 & f:p— F uniformizes a®[p+ 1}.
A P,-name EQQ is defined by I, (for all p,q € Qas P %Qa q iff p D q).
For every p € P,, an index 8 < « is called p-trivial if 3 > 0 and p[g3 IFg @5 =

{1}. Observe that if 3 € dom(p) then p|B ¥z (p(8) = 1), and § is not p-trivial.
Note also that I (Uf(a®) # {1}) by Lemma 2.3(a). In fact, if p € P, and p forces

(a® ¢ (b) + Unlf) then p forces Q4 to be a nontrivial forcing notion (see Lemma
3.4(d) below).
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We have to check that property (1) holds for § = «. We shall prove that P,
does not add new countable sequences. Hence I, (<“1F)Y = <“1F. This implies
that

o card(Qq) < card (' F) = card((**' F)") = card(w1),

since card(<“1 F) = 280 = ;.
Before proving that P, does not add new countable sequences, we introduce
useful notations and lemmas. Let Hg, for 3 < «, denote the model

<H()\),e,ﬁ, S, F,D,{(P),<,1) | v < @>>,

where A is “some large enough” cardinal, for example (J,,,)", and H()) is the set
of all sets hereditary of cardinality < A. The expansion of the model Hg with new
constant symbols “X1, Xo,...” is denoted by Hg(X1, Xo,...).

A condition p in Pg has height €, where § < a and € < w1, if for every v € dom(p),
plvy IFy dom(p(7y)) = e. We say that p is of height < € when ply I, dom(p(7)) < e.
The notion p is of height > ¢ is defined analogously. These notions are from [She81a].

If X is a set of pairwise compatible conditions in P,, the “composition” of these
conditions, in symbols |_|(p6X)p, is the function f with dom(f) = U dom(p)
and for each 8 € dom(f), f(5) is a Pg-name such that

L{p(0) | pe X} B=0;
U{p(B) | pe X} otherwise.

Observe that f is not necessarily a condition in P, (as we pointed out earlier, by
this we mean that not even the extended function f U {(5,1) | 8 € a ~ dom(f)}
is a condition in P,).

peX

k5 £(B) = {

Lemma 3.2.

a) Suppose f < «, (pn | n < w) is a descending chain of conditions in Pg,
0 < wy is a limit ordinal not in S, and (0, | n < w) is an increasing sequence
of ordinals with limit 6. Suppose also that, for all v < G,
i) there are infinitely many m < w for which py [y IFy dom(pm (7)) > Om,
and
ii) there are infinitely many n < w such that p, |7y -, dom(p, (7)) < 6.
Then q = | l,,c., Pn is a condition in Pg, q < p, for every n < w, and q has
height 6.
b) For all 8 < o, p € P, and € < wy there are ¢ < p in Pg and 0 < wy such
that € < 0 and q has height 6.

Proof. The idea of the proof is similar to [She77, Lemma 1.5].

a) We prove the claim by induction on 8 < a. If 3 = 1 then ¢ € P, € V,
and clearly the other properties hold too. Suppose 8 > 1 and for every v < 3 we
have ¢[y € Py, qlv < puly for all n < w, and ¢[vy has height 6. If 3 is a limit
ordinal then the claim holds directly by the definition of P3 and height. Note that
dom(q) is countable even if 5 has cofinality > w, since dom(q) is a countable union
of countable sets.

Suppose 3 = v+ 1 and v € dom(q) (if v & dom(q) then the claim follows from
the induction hypothesis). By the definition of ¢, ¢[v Ik, U, .., pn(7) = a(7). By
(a.ii) and (a.), glvy forces that dom(q(y)) = U 0n = 6. Since 8 ¢ S and

m<w
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qlvy “_7 pn(ly) € @77

qly Ik« U pn(y) = q(v) uniformizes a” |6 + 1.

n<w

Consequently, ¢ € P3, ¢ < p,, for all n < w, and ¢ has height 6.

b) Again we work by induction on 8 < . If p € P; and 0 € dom(p), then any
extension g € Py of p for which dom(g(0)) > € suffices to prove the claim. Suppose
B =~+1, v € dom(p), and, as the induction hypothesis, r <, p[+ is a condition in
P, having height 6 (> €). Since ply >, r Ik, (p(7) € vi) we get by Lemma 2.3(a)
that r forces

there is 2 € Q. for which = EQW p(v) & dom(z) > 6.

By the Maximal Principle there is a P,-name f satisfying the above formula, and,
moreover, we may assume 1 I, dom(f) = . Define a condition ¢ € Pg by q[y =1
and ¢(y) = f. Then ¢ has height 6.

Suppose that § is a limit ordinal, and for all p’ € Pg, v < 3, and ¢’ < wy there
is a condition r in P, satisfying r < p’|y and r has height 8’ > ¢. We assume
that the supremum of dom(p) is 8 (otherwise the claim follows by the induction
hypothesis). We define by induction on n < w a descending chain (g, | n < w) of
conditions in Pg such that ¢ = | | will be a condition in Pg and g has height
0 (>e).

Let (v, | m < w) be an increasing sequence of ordinals with limit 5 (8 =
sup(dom(p)) must be of cofinality w). Note that the set of all § < wy, for which

n<w 4n

there is a countable elementary submodel M
of Hg(p, ), ., such that M Nw; =0,

is closed and unbounded in w;. Because S is bistationary in wj, we can choose a
countable elementary submodel M of the model Hs(p, vn),, ., for which MNw; =
0 >eand § € S. Let (e, | n < w) be an increasing sequence of ordinals with limit
0 (e, € M for every n < w). The model M satisfies our induction hypothesis and
D,Y0 € M; thus there is a condition 79 < plvo in P,, N M having height greater
than €g. We define go to be 1o U p (which really is a condition in P3NM). Similarly,
when the condition ¢, € P3N M is defined we can find a condition g, € P3N .M
such that ¢,+1 <g gn and the initial segment ¢, 41[vV,+1 has height greater than
€n+1. S0 (a.) holds for (g, | n < w) and (e, | n < w). Since the conditions gy,
n < w, are in M and M Nwy = 0, also (a.ii) is satisfied. It follows from (a) that
q = |,,<., @n is a condition in Pg having height 6 (> ). O

Now we are ready to show that P, is Ry-distributive (see the next lemma). Hence
it will follow that Ny is not collapsed and, for every P,-generic set G, over V, if
XeVand V|G E (f:p— X & p<wy), then f is already in V.

Lemma 3.3. If E,,, n < w, are dense and open subsets of Py, then (), ., En is
dense.

Proof. Let M be a countable elementary submodel of Hu(p, En), ., for which
MNw =€ € wy and € € S (for the existence of such a model, see the proof of
Lemma 3.2(b)). Fix an increasing sequence (¢, | n < w) of ordinals with limit e.
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We define by induction on n < w conditions ¢, € P, such that, for each n < w,

Qn € ETM
qn is of height > €,,

dn Z gn+1-

Since M is an elementary submodel, Fy N M is a dense subset of P, N M. So
there is a condition r € Ey N M stronger than p. We let gy be some extension of
r having a height greater than ¢;. This is possible since ¢y is in M, and M is an
elementary submodel of H (p, Ey),, ., which satisfies Lemma 3.2(b). Moreover, o
is in Ey since Eyg N M is an open subset of P, N M. Similarly, if ¢, € P, " M is
already defined, we can find g,4+1 € P, N M satisfying the properties given above.

As in the proof of Lemma 3.2(b), ¢ = |, ¢n really is a condition in P,.
Now ¢ < ¢, for each n < w, and since F,, n < w, are open sets, it follows that
g€ mn<w En' O

From the preceding lemma it follows that for all « < wy and p € P, there
is ¢ < p in P, satisfying the following property: for every 8 < «, g[8 decides
the value of ¢(8) (this fact can be proved using the same kind of induction as
the proof of Lemma 3.2(b)). Hence, from now on, the reader can think, if he or
she wants, that all conditions in P, are “real” functions from « into <“' F', not just
“normal” conditions with names for sequences. In particular, this thought might be
helpful during the first reading of Lemma 3.8 below. But we shall use the following
conventions. We write dom(p(3)) = €, where p € P,, a < wo, § € dom(p)~{0}, and
€ € w1, when p is a condition which satisfies p[3 IFg dom(p)(5) = e. Similarly, we
write & € dom(p()) if p[B I (€ € dom(p(B))), and for ¢ € F we write p(3)(£) = ¢
if £ € dom(p(B3)) and p[B IFg p(3)() = c. B

We define g, for nonzero o < ws, to be the generic function determined by @4,
i.e., go is a P,y1-name satisfying

Fat1 Go = J{p(e) | p€ G}

Then g, is a function in V[H] for any P,i-generic set H, since H contains only
compatible conditions. Note that in V[H], g, is the function with empty domain

iff Qo # Uf(a®).
Lemma 3.4.

a) The forcing notion P is of cardinality Ra, and it satisfies Na-c.c.

b) P does not add new countable sequences.

¢) For every P-generic set G over V, V[G] satisfies GCH and ((Rq)¥ = Ry) for
all ordinals o.

d) For all nonzero o < wa and Py41-generic sets Go11 over V, V[Go41] = a® €
(b) + Unif.

e) For every P-generic set G over V, V[G] | card(Col/Unif) < card(F).

Proof. Even though all the properties are standard, we sketch proofs for them.

a) The claim follows directly by the property (I) and Fact 2.4(a).

b) If we assume that there is a new subset of w in V[G], where G is a P-generic
set over V, then by the Na-c.c. property of P and Fact 2.4(b) we can choose @ < wo
such that the new subset is already in V[G,]. This contradicts Lemma 3.3.
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¢) The generalized continuum hypothesis is preserved by (a), (b), and by the
following well-known fact :

if card(P) < Ng, P has Na-c.c., 2% — Ry, \ is an uncountable
cardinal, and 6 = (Ng)\)v, then IFp2* < 6.

By (a) the ordinals Nav, « > 2, are cardinals in the generic extension. Since by
(b) R, is not collapsed, the claim follows.

d) Let Go41 be a Py yq-generic set over V. If (Qo = {1}) holds in V[G,], then
by Definition 3.1 V[G,] = a® € (b) 4+ Unif. Since V[Go41] 2 V[G4], the latter
formula is also satisfied in V[Ga41]-

Suppose (Q(y = Uf(aa)) holds in V[G,]. By Lemma 2.3(a), for each £ < w; the
generic set G,4+1 contains a condition p for which pla I, £ € dom(p(a)). Thus
dom(ga) = wi in V[Gaq1]. Let f, be a shorthand for intg, ., (p(«)). Then f,
uniformizes a®[(dom(f,) + 1) in V[Ga41]. Consequently, g, = U{fp | p € Gu}
uniformizes a® in V[Gq41]. So V[Ga11] E a® € (b) + Unif.

e) Assume the claim fails. Since card((b) ) < card(F), let G be a P-generic set
over V and d a colouring in V|G| for which d ¢ (b) + Unif. Since P has Ny-c.c. and
IFp (card(d) < @), there must be, by Fact 2.4(b), 3 < w such that d € V[Gpg].
By the definition of the forcing P and Fact 2.4(c), ({7 | v < wz} = Col) holds in
V[Gpg]. So there is v < wy with V[Gg] = d = ¢’7. By Definition 3.1 and since the
bookkeeping function 7 is surjective, there is o < wy such that (a® = ¢#7) holds in
V[Ga]. Then, by (d), V[Gq41] satisfies a® € (b) + Unif. Since V|G, + 1] € V[G],
we see that (¢’ = a® = d € (b) + Unif) holds in V[G], contrary to our initial
assumption. O

Remark. Tt can be seen from the constructions in Subsection 3.2 below that P is a
proper forcing notion [She82b, Theorem 2.8(1) on page 86]. But this fact does not,
however, help with the main problem of Subsection 3.2.

3.2. The Generic Colouring is Nonuniform. The main problem left after
Lemma 3.4 is that maybe the size of Col/Unif is smaller than the size of F' in
the generic extension. Since card(Col/Unif) < card(F') implies Col = Unif, we
may, equivalently, suspect that the generic colouring b is uniform in the generic
extension. As a preliminary lemma we want to show that the generic colouring b
is initially nonuniform, but first we have to prove the following auxiliary lemma.

Lemma 3.5.

a) Suppose p € P, a < wa, 0 € 5, and dom(p(0)) <. If g is a ladder on 4,
and C is an w-sequence of elements in F, then there is q < p satisfying

dom(q) = dom(p) U {0},
pl(a~{0}) = ql(a~ {0}),
qlFa Z(6) =7 & b(8) =c.

b) Suppose p € P,, o < wa, A is a finite subset of o~ {0}, (cg | B € A) is
a sequence of elements in F, and (ys | § € A) is a sequence of elements in
Vec such that supp(yg) & dom(p(B)). Then there is a condition s < p in P,
satisfying for all B € A that

either (3 is s-trivial or s(8)(ys) = ca.
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Furthermore, if for each 5 € A,
(A) plB ks Qs = Ut(@”),

then we can also ensure that
dom(s) = dom(p) U A4,
plla~ 4) = si{a~ A),
dom(s(8)) = max(supp(ys)) + 1.

Proof. This proof is essentially the same as the proof of [She77] Lemma 1.5].

a) Define r € Qg to be any extension of p(0) which satisfies [1](§) = § and
r[2](6) = ¢. Then q defined by dom(q) = {0} and ¢(0) = r is a condition in P;.
Moreover, g <1 p[1, and thus the condition g LI p is as required in the lemma.

b) It suffices to prove the lemma when A is a singleton {3}, since the result for
larger sets follows by induction (of course, a different induction depending on (Al)).

If (A)) holds, then define ¢ = p; otherwise let ¢ < p in P, be such that either 3 is
g-trivial or ¢[( forces @g to be nontrivial. If 3 is g-trivial then s = ¢ is as wanted.
Otherwise, assume [ forces ég to be nontrivial. Let § be max(supp(ys)). By
Lemma 2.3(a) (as in the proof of Lemma 3.2(b)) there is a Pg-name f for which

qlB s f€Qp & q(B) € f & 0 € dom(f).

Define g to be a Pg-name for a function such that

a18 I (dom(g) = 0+ 1 & £10 =310 & §(ys) = cs)-
Then
q1B kg g uniformizes a’ [0 + 2.

Thus ¢[S forces both (g € @5) and (g 5% q(ﬂ)), and we can define a condition
r € Pgyq by dom(r) = (dom(q) N B) U{B}, ¢/ = r[B, and 7(B8) = §. Then
r <gt1 g[8+ 1, and hence s = r U ¢ is a condition in P, satisfying the properties
required. [l

Lemma 3.6. The generic colouring b satisfies -1 b & Unif.

Proof. Suppose, contrary to the claim, that there are a condition p € P; and a
Pi-name h for a function from wy into F such that p forces 71(5:) ~b. Let M be a
countable elementary submodel of H; (p, iL) such that M Nw; is an ordinal § € S
(such an M exists by an argument similar to that in the proof of Lemma 3.2(b)).
Choose two increasing sequences (e, | n < w) and (£, | n < w) of ordinals with
limit 6. We define by induction on n < w conditions ¢, € Py N M and elements
d, € F (F = FNM since F is finite).

Let r € PLNM be such that r < p and ¢y < dom(r). We define gy € PNM to be
an extension of » which decides the value of ﬁ(fo), say do € F and qg IH iL(fo) =dp.
Similarly, if we assume that ¢, and d,, are already defined, we let ¢,+1 € PL N M
and d,41 be such that €,11 < dom(gni1) and gni1 k1 A(Ens1) = dnr.

Since ¢, € M, dom(g,(0)) < 0 holds for every n < w. As pointed out many
times before, ¢ = | |,,_, ¢n is a condition in P; which does not yet decide the values
of &(8) or b(8). These properties, together with Lemma 3.5(a) and the fact that
(xe, | n <w) is aladder on §, ensure that there is r < ¢ in P; satisfying, for each
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n<w,that r by 5, = ¢, & 55,,1 = d, + 1. This contradicts the fact that » < p
and p Iy (h(&(5)) ~ b(6)), since for all n < w,

Pk W(@sp) = h(En) = dy # dy + 1 = bs .
O

Note that it follows from Lemma 2.3(b) and Lemma 3.6 that after forcing with
the first step P the set S is still stationary in w;. An analogous situation also
concerns the forthcoming proof of the theorem: we shall show that b is nonuniform
after forcing with the whole iteration P; thus the set S must remain stationary in
wy (recall that cardinals are preserved by Lemma 3.4(c)).

To prove the theorem it suffices to show that the following holds:

IFp “bis nonuniform”.

Assume, contrary to this claim, that there exist a P-generic set GG over V and in
the generic extension V[G] a uniformizing function h : w; — F for the colouring
b = inte(b). Since card(h) < Ry we can choose, by Lemma 3.4(a) and Fact 2.4(b),
the minimal ordinal o < ws such that h is already in V[Gqa+] (a* > 2 by Lemma
3.6). For the rest of this section, i.e., for the rest of the proof of Theorem 2, let h

be a P,+-name, and p* € P,~ be a condition such that
(2) p* ko= “h uniformizes b”.

By assuming this we are aiming at a contradiction. Note that G is not fixed. To
shorten our notation, we abbreviate the set {p € Py+ | p <4+ p*} by P*. Purely
for technical reasons we assume 0 € dom(p*).

Although the proof of Lemma 3.6 was simple, it has already revealed the main
idea of the forthcoming proof. Namely, we want to contradict (@) by finding an
index 6* € S and condition 7 in P* which forces h(&(6*)) 5 b(6*). The next
lemma indicates that this is not a trivial task.

Lemma 3.7. IfY is an unbounded subset of Vec and d is an element in F, then
there is no single condition p € P* which forces (h(y) #+ d) for everyy €Y.

Proof. Assume such an unbounded set Y and condition p € P* exist. Let M be
a countable elementary submodel of Hy+(p,Y") such that M Nw; = § € S. Since
M is an elementary submodel, Y N M must be unbounded in §. Fix a ladder
(yn | m < w) on J such that y, € Y N M for all n < w. Since p € M and
MNwp =4, dom(p(0)) < 6. By Lemma 3.5(a) there is ¢ < p in P* satisfying, for
all n < w,

q Il_a* %6,'@ = Yn & gé,n =d.

Since g < p, q forces (ﬁ(%gn) % E(sm), for all n < w. This contradicts (¢ < p* and
p* forces h(&(6)) = b(4)). O

Because there is no single condition which decides enough about ?L, we shall use
a descending chain (p, | n < w) of conditions and a lower bound r of the chain.
Since P,, for 2 < a < a*, are not Nj-closed, it is not easy to find a suitable chain
and bound. The following lemma, together with Lemma 3.11 and Lemma 3.12,
solves this problem. The idea behind the following 3.8, 3.9, 3.10, and 3.11 is similar
to the constructions in the proof of [She77, Theorem 1.1].
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Before stating the lemmas we fix some notation. Suppose a function fis| |, _, px,
where (pr | k < w) is a descending chain of conditions in P*. Such a function f
is said to be a countable union of conditions in P*, and, as in Lemma 3.2, f has
height €, where € < w1, if

for each k < w, pg is of height < ¢, and

for all @ € dom(f) and 6 < ¢, there is k < w such that o € dom(py) and pg,

is of height > 6.
For all o < a*, £ < wy, and ¢ € F, we write f(a)(§) = ¢, when there is n < w
such that p,(@)(€) = c. Soif § = (y, | n <w) is a sequence of elements in Vec,
a = (an | n <w) is asequence of elements in F, and o € dom(f), then f(«)(y) ~ @
means that

{n < w | there is k < w such that pila ko pr(a)(yn) = an} € D.

We write f € p, where p € P, and a < o, if dom(f) € dom(p) and for each
08 € dom(f) the condition p[f forces f(5) € p(B). Note that if & € dom(f) then
there is n < w such that o € dom(p,,) and p,[a ¥, pn(a) = 1. It follows that p, [«
forces @a to be nontrivial, and hence « is not p,,-trivial for any m < w.

Let 6* be an ordinal satisfying dom(p*(0)) < §* € S, and A* a nonempty and
countable subset of a* \ {0}. Suppose {0} U A* is enumerated by {a; | i < i*},
where 2 < i* <w; and 0 =ap < oy < o for all 0 <@ < 5 < 7",

Lemma 3.8. Suppose that § = (y, | n <w) is a ladder on §* and for each u :
" — “F there exists a mapping f, with the following properties:

a) fu is a countable union of conditions in P*, dom(f,) € {0} UA*, and f, has

height §*;

b) for all u,v:i* — “F and i <i*, if uli =v|i then fula; = fulo;

c) for every nonzero i < i*, if a; € dom(f,,) then fu(c;)(y) =~ u(3).
Then there are u : i* — “F and a condition v € P* such that f, € r, i.e., 7 is a
lower bound for the conditions which form f,. Moreover, v forces (5(:(5*) = gj) and

(55*,,1 #0) for every n < w.
Proof. The proof below is directly based on [She77, Lemma 1.7].

First of all we define for each u : i* — “F a condition r§ € P, as follows. By
(a), fu is a union of conditions and dom(f,(0)) = §*. Hence, by the definition of
Qo, fulan = fu[lis a condition in P, (dom(f,[a1) = {ao} = {0}). By Lemma
3.5(a) there is a condition r§ <; f,,|1 in P; for which
(A) rg k1 2(0") =9 & 55*,,1 =1, foralln <w.

Since f,, is a union of conditions stronger than p*, ry <; p*[1. Clearly, f, o1 € 7{.
Note that, for all u,v : i* — “F| if u|l = v[1, then f,[1 = f,]1, by (b). Hence we
may assume r§ = rg for all u, v satisfying u[1 = v[1.

For technical reasons we define a;« to be a(;«_1) + 1 if i* is a successor ordinal,
and sup{«; | i <i*} otherwise. We prove by induction on k < i* the following
extension property for all 1 < j < k <i*:

ifu:i* —“F and p € P,, satisfy
pll<irg & fula; €Ep,
then there are v : ¢* — “F and r € P,, such that

ulj=vlj&rla; <a;p & folagp Er.
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Suppose first that 1 < j < k < i*, k is a successor ordinal, and u : i* — “F
and p € P,; are as required above. Observe that this includes the case j = 1
and k = j+ 1 = 2. We may assume k = j + 1, since otherwise there are, by the
induction hypothesis, v’ extending v and p’ such that u[j = v’[j and fu/ [ar_1 € p'.
It suffices to prove the claim for such v’ and p’.

If a; & dom(fy), then v = u and r = p satisfy the claim. Assume «; € dom(f,).
Let ¢ < pin P,; and a sequence d € “F be such that

(B) gk, @ (6%) =d.

Note that by Lemma 3.3, d is in V. Define a function v : i* — “F for all i < i* by

U(i)_{d' if i =7

u(i) otherwise.

Since v[j = uly, it follows from (b) that f,[a; = fula; € p > q. Let (pp, | m < w)
be a descending chain of conditions exemplifying that f, is a union of conditions
in P* and f, has height §*. Then p,,[a; >4, q for every m < w, and furthermore,
for each 6 € SN d* there is m < w such that

Pmleg o, fu(ay)(E(0)) = pm(;)(2(5)) = a® (6).

By (c), and since ¢ <o, pmlay the set {n < w | fu(o;)(yn) = v(j)(n)} is in D.
This, together with ¢|1 <; r¢, (A]), and (B), implies that

q IFa, folag)(@(67)) = folay) (@) ~ v(j) = d = a® (57).

We define r to be ¢ U {(aj, fo(ej))}. Then r is a condition in P,, satisfying
rlaj =q <, pand f,lay €.

The second case is that & < ¢* is a limit ordinal. Suppose 1 < j < k and wu,
p satisfy the assumptions of the extension property. Our induction hypothesis is
that the extension property holds for all &’ < k. Let M be a countable elementary
submodel of

He (5*,¢*,<ai | i< i), pou, (r% | w:i* — “F), (fu | w:i*_>wF>),

such that M Nw; =60 € w; N S. Welet (§, | n < w) an increasing sequence of
ordinals with limit 6, and (j, | » < w) be an increasing sequence of ordinals with
limit k, where jo = j. Note that each j, is in M, since * < w3 and M Nwy is an
ordinal.

We define by induction on n < w conditions ¢, € P, N M and functions
Uy : 1° — “F in M as follows. Let ug be u, and let ¢g € Py, N M be an extension
of p having height greater than 6y. This is possible by Lemma 3.2(b).

Suppose u, € M and g, € Py, N M are already defined. Suppose also that g,
has height greater than 6, g1 <1 1™, fu,l®j, € @n, and uy[jm = Um [jm for
every m < mn. Since M is an elementary submodel, our induction hypothesis holds in
M. Hence there are in M a function u,1 and 7’ in Pajn+1 with w41 [Jn = Un[in,
g, <a,, Gn, and fu, . loj ., € r'. We define g,41 in Pa,;, ., N M to be an
extension of 7’ having height greater than 6,, 1. Again, this is possible by Lemma
3.2(b).

Now gn41lay, < Gn and Upy1[jn = upljn, for all n < w. We define r to

—Qjn

be | |, @n- This is a condition in P,, by Lemma 3.2(a). We define a function
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v:i* — “YF for all i <i* by

_ um (i) if 4 < k,where m =min{n <w | i < jn};
v(i) =4 :
u(i)  otherwise.

Then, directly by their definition and (b), r and v satisfy
fvrak = |_| fun rajn & |_| gn =T.

n<w n<w

O

Consequently, there is a lower bound for a certain descending chain of conditions
if the functions f,, u : i* — “F satisfying the requirements of the preceding lemma
exist (remember, f, is a union of conditions but not necessarily a condition itself).
We shall find those functions as unions of conditions in special kinds of trees. We
again need some more notation. Let A = (A,, | m < w) be a chain of finite subsets
of the set A* such that A,, = A* for all m < w if A* is finite, and otherwise A is
increasing and A* = J,, ., Am. Such a chain A is called a filtration of A*. The
disjoint union Ulgm A; x {1}, for m < w, is abbreviated by A.,,. For m < w,
AcmNa is a shorthand for the set J,,, (A1 Na) x {l}, and for a function 1 having
the domain A, nla is a shorthand for the restriction n[(A<m, N «).

Definition 3.9. Suppose m < w. We set
Ind(A<m) ={n | n is a function from A, into F'}.

An A_,,-condition tree T is a mapping from Ind(A,,) into P* with the property
that for all n,v € Ind(A¢,,) and a € Ay,

nfa = via implies T'(n)[a = T'(v)[a.

Sometimes we abbreviate T'(n) by T,.
Suppose n < m < w. An A,,-condition tree T is stronger than an A, -condition
tree R, in symbols T' < R, if for each 1 € Ind(A¢,,) we have T(n) <o+ R(n]Acn).
An A_,,-condition tree T is of height > €, € < wy, if all the conditions in T are
of height > €. The notion “7T has height < ¢” is defined analogously.

Definition 3.10. Suppose A is a filtration of A*, 7 is a ladder on 6*, and € is
an increasing sequence of ordinals with limit 6*. An (€, 9)-tree system on A4 is a
family T = (T™ | m < w) of functions fulfilling the following requirements for each
m < w:

a) T™ is an A,-condition tree;

b) for all n € Ind(Ac,), dom(T}") € {0} U A* (where A* =J,,, ., Am);

c) for all n € Ind(A<,,) and a € Ay, a is T -trivial or T} () (ym) = n(a, m);

d) T™ is of height > €,, and < §*(= supé);

e) T™ > Tm+1,

Recall that we assume a € dom(7}") and T}" o - supp(ym) € dom(7,"(av))

when we write 7" () (ym) = n(a, m).

Lemma 3.11. For each (€, 3)-tree system T on A there are indices n™ € Ind(A<.),
m < w, such that (T™(n™) | m < w) is a descending chain of conditions having a
lower bound r € P*. Moreover, r forces (:i(é*) = g) and, for all n < w, bs« 5, # 0.
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Proof. The idea of the following proof is similar to [She77, Lemma 1.8]. Recall that
{a; | i < i*} is an increasing enumeration of {0} U A*.

For all m < w and u : i* — “F we define the index 7" € Ind(A«,,) by setting,
for all (o, n) € A,

' (e, n) = u(i)(n),
where 7 < ¢* is the index with a = a;. We set

Ju= |_| Tm(mT)~

m<w
Now, if f, were as required in Lemma 3.8 and T™(n™) > T™HL(nm+1) for every
m < w, then it would follow, by the same lemma, that there are some u and
r € P* such that f, € r and r forces (£(6*) = §) and (bs«n # 0) for all n <
w. By the definition of f,, 7 would be a lower bound of the descending chain
(T™(n™) | m < w) of conditions. So to prove the claim it suffices to check that the
conditions T™(n"), m < w, form a descending chain of conditions and f,, satisfies
the properties wanted in Lemma 3.8.
(a) The function f,, is well-defined since, for all ¢ and n such that («;,n) € Agp,

(i, n) = u(i)(n) = " (ai,n),

ie., nm =n"*t1 A, and so by Definition 3.10(e), T™(n™) > T™ ! (nm*1). For
each u : i* — “F, dom(f,) € {0} U A* by Definition 3.10(b), and f,, has height ¢*
by Definition 3.10(d).

(b) Suppose u,v : i* — “F, 0 < i < ¢*, and uli = vli. For all m < w and
(a,n) € Agm Ny, o must be a; for some j < i since a < ¢, and furthermore,

' (ag,n) = u(j)(n) = v(j)(n) = 0" (e, n).

Thus for each m < w, N a; = N [a;, and by Definitiion 3.10(a), T™(n")[a; =
T™(n") ;. Consequently, for all 5 € dom(f,) N a; = dom(fy,) N e,

ks fuB) = U T B = | T" ) (B) = £.(8),

m<w m<w

and we may assume f,, () is the same name as f,(5), i.e., fula; = fula;.

(c) Let w : #* — “F and i < 7* be such that «; € dom(f,). Then «; is not
T (ny)-trivial for any m < w. Let n < w be such that o; € A,,. Then for each
m > n we have «; € A,,, and, by Definition 3.10(c),

Fulei)(ym) = T™ (") (@) (ym) = my' (@i, m) = u(i)(m). O

Now the main problem to be solved is the existence of a tree system where each
condition tree decides enough information about the uniformizing function h.

Lemma 3.12. There exist a countable subset A* of a* ~. {0}, a filtration A of A*,
0" € S, an increasing sequence € of ordinals with limit 6%, a ladder y on 6*, and an
(€,7)-tree system T on A such that, for allm < w and n € Ind(Acpm),

T ke h(ym) = 0.

We get the desired contradiction using the tree system given by this lemma
together with Lemma 3.11. Namely, a lower bound r € P* given by Lemma 3.11
satisfies

Tl Toem =ym & Ea,m #£0, for all m < w.
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On the other hand, Lemma 3.12 ensures that the lower bound r also satisfies the
following condition:

7 IFax A(ym) =0, for all m < w.

It follows that r <, p*, §* € S, and 7 IFq- (ﬁ(:i(é*)) % 13(6*)), contrary to our
assumption (2)). So, to prove Theorem 2 it suffices to show that Lemma 3.12 holds.
To achieve this goal we have to analyze the relation between the values of conditions
and the value of h in detail. Therefore we shall delay the proof of Lemma 3.12 until
the end of this subsection.

The following is a strengthening of Lemma 3.7.

Lemma 3.13. Suppose a < o*, d € F, Y is an unbounded subset of Vec, p € P*,
and H 1is a P,-generic set over V containing pla. Then there are an unbounded
subset Z of Y and for every z € Z a condition q¢* € P* satisfying

4" <a* P,

q"la € H,

¢ e h(z) = d.
Proof. Suppose the lemma fails, and fix a,p,d,Y, and H. Recall what Fact 2.5
asserts, and note that in V[H] the condition p belongs to P, +. Consider the set YV’
and p in V[H]. By our assumption, for all unbounded Z € Y there must be some
z € Z such that

for all s € P*,if sja € H and s <.+ p then s ¥~ fz(z) =d.
Directly by Fact 2.5(b), the following holds in V[H]:
for all 7 € Py o+, if 7 <q o+ p then r W o iz(z) =d.

Hence, for all sets Zy = {y eY | 6< min(supp(y))}, where 6 < wq, there is zg €
Zy such that in V[H], for every r <, o p in P, o+ there is a condition ¢ <, o~ r in
P, o+ for which ¢ Ik o+ h(z9) # d. This means that in V[H] the collection of those

conditions which forces (h(zg) # d) is dense below p in the sense of P, o-. Thus,
in VIH], p lFa.a (h(z0) # d) for all § < w;. By Fact 2.5(b) there is s <o+ p in P*
forcing (h(zg) # d), for all # < wy. This contradicts Lemma 3.7. O

Definition 3.14. For all nonzero o < o* and p € P* we define Pos,(p) to be the
set of tuples (co, do, c1,d1) € F* satisfying the following requirement. There are an
unbounded subset Y of Vec, and for each y € Y conditions ¢/ <, pin P*,i=0,1,
such that

a) qyla=qilo

b) either avis both ¢f-trivial and ¢¥-trivial, or ¢/ (a)(y) = ¢; for both i = 0 and 1;

¢) ¢? Iko-h(y) = d; for both i = 0 and i = 1.

In the following lemma, the property (c) will be the principal one later on.

Lemma 3.15.

a) If p € P* and nonzero o < o* are such that there is ¢ <.~ p in P* for which
« 1s g-trivial, then (c,dg,c,d1) € Posy(p) for all ¢,dy,dqr € F'.

b) If a < a* nonzero, p € P*, and (co,d, c1,d) € Pos,(p), where ¢y # c1,d € F,
then there are ¢,dy # dy € F such that (c,dp,c,d1) € Posy(p).

¢) For all p € P* and nonzero a < «*, there are ¢,dy # di € F such that
(¢,do,c,dr) € Posqa(p).
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Proof. a) Let H be a P,-generic set over V containing ¢[a. By Lemma 3.13 there
are an unbounded subset Y of Vec and conditions (¢§ | y € Y) in P* such that for
everyy €Y,

@ < q.
qyla € H,

qg ”_oz* fz(y) = do.
By the same lemma there are an unbounded subset Z of Y and conditions
(¢} | y € Z) in P* such that

@ <q,
q}la € H,

q} ko fz(y) =d;.

By Fact 2.6 there are, for y € Z and i = 0,1, Y < ¢/ in P* such that r§|a =1¥|a.
Then for all ¢ € F, the unbounded subset Z of Vec and the conditions (r! | i =
0,1 and y € Z) exemplify that (c,dp,c,d1) € Posa(g) @ Pos,(p). Observe that «
is rY-trivial for i = 0, 1.

For the rest of the proof, we can restrict ourselves to the case that pa forces
Q. to be nontrivial by (a).

b) Suppose an unbounded subset Y of Vec and conditions ¢f, ¢} < p fory € Y
exemplify that (co,d, c1,d) € Posy(p). By the nontriviality of @ we assume that for
i=0,landyeY,

q@glo = qfla,
qz! (Oé) (yl: Ci,
Q{y IFax h(y) = d.

Consider some y € Y and ¢j. Let H be a P,-generic set over V such that
qyla =q}la € H. By Lemma 3.13 there must be an unbounded subset Z§ of Vec
satisfying for all z € Z§ that max(supp(y)) < min(supp(z)) and there is r§’* € P*
such that 7% < ¢, r¥*la € H, and 7% IF - h(z) = 0. Since Z¢ is unbounded, we
can use the same lemma again. Hence there must be some z¥ € Z§ and a condition
" < g% in P* such that V" o € H, and 1¥"*" IFo+ h(2¥) = 1. By Fact 2.6 there
are in P* conditions s¥ < r%”zy for i = 0,1 such that sf|a = s¥|a.

By Lemma 3.5(b), we may assume that dom(z¥) € dom(s?(«)) for i = 0, 1.
Since F' is countable and Y is uncountable, there are an unbounded subset Z of
Y and (ag,a1) € F? such that the pair (s§(a)(z¥),s¥(a)(2Y)) is (ag,a1) for every
ye .

Define ey = a1 — ag and e; = ¢g — ¢;1. Since ¢g # c1, €1 is not 0 (eg might be 0).
Now, for all i = 0,1 and y € Z the following hold:

s¥(a)(eoy + €12Y) = epci + erai,

Y IFor h(eoy + €12Y) = eod + eqi.
Consequently, the unbounded subset {(epy + €12¥) | y € Z} of Vec and the con-
ditions s¥, for ¢ = 0,1 and y € Z, exemplify that (c,do,c,d1) € Poss(p), where
¢ = epco + e1ap (= epc1 + eraq), do = eod + €10, and di = epd + e11. Clearly,
do # dy.
c) We may assume that pla decides the value of dom(p(«)). Suppose, contrary
to the claim, that there are no elements ¢,dy # dy in F such that (c¢,dp,c,dy) €
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Pos,(p). By (b) this implies that there are no ¢y # ¢1,d € F satistying (co,d, c1,d) €
Pos,(p) either.

Let H be a P,-generic set over V such that pfa € H. Define Posg (p) to be the
set of all (§,¢,d) € wy; x F x F such that there is ¢ € P* satisfying the following
requirements:

an* D,
qla € H,

q(a)(§) = ¢,

q For R(€) =d.

It is easy to see, using Fact 2.5, that for all £ < wq satisfying ¢ ¢ dom(p(«)), and
¢ € F, there is d € F such that (§,¢,d) € Posg(p). Namely, by Lemma 3.5(b)
there is ¢ < p for which ¢(a)(§) = ¢ and qla =pla € H. Since gl € H and
¢ lFar (h:@1 — F), the following holds in V[H] by Fact 2.5(a): there are r < ¢ in
P, o+ and d € F for which r IFq o~ iL(f) = d. By Fact 2.5(b) there is s < r in P*
satisfying sfa € H and s Ik« ﬁ({) =d. So, s exemplifies (¢, ¢, d) € Posg(p).

Another easy property is that if there are an unbounded subset I of w; and
o, c1,dp,d1 € F such that for every & € I both (&, co,dp) and (§,¢1,dy1) are in
Posg (p), then (cg,do,c1,d1) is in Posy(p). Namely, if for £ € I the conditions
qf < p, i = 0,1, exemplify that (£, ¢;,d;) € Posg(p), then both qg [ and q§ [
belong to H. By Fact 2.6 there are rf < qf in P*, for i = 0,1 and £ € I, such
that r$la = r$]a. The set {ze | & € I} and the conditions 7%, for i = 0,1 and
¢ € 1, exemplify that (cg,dp,c1,d1) € Posa(p). Observe that these two simple
observations together imply that Pos, (p) is always nonempty.

It follows from our initial assumptions that we can fix y/ < wp such that the
definition

me(c)=d iff (& ¢ d) € Posu(p)

yields in V[H] an injective function m¢ : F' — F when g/ < § < w;. Since F is
finite, each m¢ is in fact a permutation of F. From the definition of Posg(p) it
follows that p IFo- (m¢(ga(§)) = /~z(§)) for all p/ <& < ws.

A function ¢ : F' — F is a line if there are k,m € F such that ¢¥(a) = ka +m
for all @ € F' (k is the slope of the line).

Our proof of (c¢) will have the following structure.

1) First we assume that there are unboundedly many £ < wy such that 7¢ is not
a line. It will follow that there are ¢,dy # di € F such that (¢,dp,c,dy) €
Pos,(p), contrary to our initial assumption.

2) We assume the converse of (1), i.e., we suppose p < wj is a limit such that
i < p and, for every p < € < wi,

(A) ke and mg are elements in F' such that m¢(a) = kea + me holds for all
a € Fin V[H].
Since each 7¢ is injective, k¢ # 0 for every u < & < w;. Using this assumption,
we shall make two more steps.
i) We show that
(B) there are no § < wy and e € F such that ke = e whenever max {0, u} <
f < wi.
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Observe that this is the only part of the proof of the theorem where the
condition (@® ¢ (b) 4+ Unif) in Definition 3.1 is essential, i.e., that we do
not “kill” colourings which are too “close” to the generic colouring b.
ii) The last case is that for all £ > p there is ¢ > £ such that ke # ke,
i.e., the slopes of lines m¢, m¢ are different. This will yield that there are
co # c1,d € F such that (cp,d, c1,d) € Pos,(p), contrary to our initial
assumption.
1) We shall show that for each § < w; there are 3° € Vec, conditions ¢%,r% < p
in P*, and elements ¢?,d? # ¢’ in F such that min(supp(y?)) > 0 and

¢ la=r"la,

¢ (@)(y") = =r’(a)(y"),

¢° ko h(y?) = d°,

I h(y?) = €°.
Since the choice of 6 will be arbitrary, it will follow that there are uncountable
I € w; and ¢,d # e € F such that for every § € I we have ¢/ = ¢, d’ = d,
and ¢’ = e. Then the unbounded subset {y? | 6 € I} of Vec and the conditions
(¢, r? | 6 € I) will exemplify that (c,d,c,e) is in Pos,(p), where d # e, contrary
to our initial assumption.

Let 8 < w; be given. Since there are uncountably many ¢ < w; for which
m¢ is not a line and only finitely many permutations of F, fix £ < ¢ < w; such
that max {y/,60,dom(p(cv))} < & and m¢ = 7¢ is not a line. Let 7 be the function
me = m¢. Fix arbitrary a # by € F', and let 9o be the line satisfying ¥o(a) = 7(a)
and g (bg) = m(bg). Since 7 is not a line, there is by € F' for which w(by) # 1o(b1).
Let 11 be the line for which ¢4 (a) = 7(a) and 91 (b1) = 7(b1).

By Lemma 3.5(b) and since pla forces (@a = Uf(aa)), there is a condition
¢? € P* such that

¢’(@)(€) = a = ¢’(a)(¢).
By the same lemma again, there is 7’ € P* such that

pla=1"a,
r’ <p,
re(oz)(f) = by and 7“‘9(04)(() =b;.

Hence ¢’a = r%|a € H. From the definition of 7¢ and 7¢ it follows that

¢" lrar (R(€) = e (¢ (@) (€)) = o(a) and h(¢) = me(qd” (a)(C)) = 11 (a)).

(A proof of this fact is a reasoning concerning IFo~ and Ik o+« similar to what we
have done many times earlier.) Analogously, 7/ satisfies

r? Ikax (R(€) = 1bo(bo) and h(¢) = 11 (b1)).

Define eg = by — a and e; = a — by. Since a # by and a # by both ey and e; are
nonzero. Define yf = (eoxe + e1z¢) and a’ = epa + e1a (= egbg + e1b1). Then

¢’ (a)(%%) = epa + era = a? = egbo + e1by = % (a)(y?).
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Moreover,

¢’ IFax h(y®) = eoh(€) + e1h(C) = eoto(a) + ertn (a),

and

r lbas h(y?) = eoh(€) + e1h(C) = eotbo(bo) + €111 (by).

Define d? = egibg(a)+e1v1(a) and € = egi)g(bo)+e1101(b1). Then d® # . Namely,
if they are equal then

eotpo(a) + exhi(a) = eotbo(bo) + €191 (b1)
implies
eoko(a — bo) = 61]€1(b1 - a),

where ko and k; are the slopes of the lines ¥y and v respectively (i.e., for i = 0,1
we assume ;(a’) = k;a’ + m; for all ’ € F). But from the choice of the lines ;
it follows that ko # k1. Hence the preceding equation contradicts our choice of eq
and ej.

2.i) Suppose K is a P, o~-generic set over V[H| satisfying p € K and for the
elements h = intx (k) and g, = intx (o), where the names h and g, are given in
Fact 2.5, the equations (h(§) = m¢(ga(€))) for all 4 < € < wy hold in V[H][K].

A proof of (B) follows. Fix, contrary to the claim, § > p and e satisfying (B).
Define in V[H] a function f:w; — F for all £ < wq by

_{0 if € <0

7e(0) otherwise.
Then f satisfies in V[H] the following equation for all € F and 6 < £ < wy:

f(&) =7me(0) = mg = (ea + me) — ea = me(a) — ea.
Hence, independently of what g, is, the following equation holds in V[H][K] for all
0 € S and for almost all n < w:

bé,n —€- a?,n = h(wé n) € ga(wé n)
26571 h Ze . a
£<o £<6
= (e (ne) e ga@)))
£<o
=3 (e (me(9a(€) — € 9a(©)))
<o

="l £(9)

£<o

where each x5, is assumed to be of the form EE<6 eg’nxg.

But f is already in V[H]. So, from Lemma 2.3(c) it follows that b ~ e - a®, and
hence, (a® € (b) + Unif) holds in V[H]. By Definition 3.1, intz (Qq) must be {1}.
Since pla € H, this contradicts our initial assumption that pla forces @a to be
nontrivial.

2.ii) If the size of F is 2, then for every p < & < w; the value of k¢ must be
constantly 1, contradicting (B). Hence the lemma holds if F is of size 2.

Now, card(F) > 2, (A) holds, and ke # 0 for all p < £ < wy. Analogously to
the case (1), to prove that there are ¢ # e,d € F for which (c,d, e, d) € Pos(p), it
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suffices to show for arbitrary # < w; the existence of y? € Vec, and conditions ¢?,
r? in P* satisfying
min(supp(y?)) > 0,
¢’ <p,
¢’la=1"1a,
¢ (@)(y’) = ¢,
r’(a)(y’) = ¢,
¢’ lFa- h(y’) = d,
¥ Foe h(y?) = d°.
Let 6 < wq be given. Fix & > max {1, 6, dom(p(a))} and ¢ > £ such that ke # ke.
As in (1) fix ¢%,7% < p such that
dlra=rla e H,
¢"(@)(§) =1 and ¢°(@)(¢) = 1,
r(a)(€) = 2 and 1 (a)(¢) = 2.
Define e¢ = —k¢ and e¢ = k¢. Then ecke +-ecke = 0, and eg +e¢ # 0, since ke # ke.
If we let ¥ be (egwe + ecx¢), then

¢’ (@) () =ec - " (@) (&) + ec - ¢° (@) (¢) = e¢ + e,
and
¢Ira-h(y?) = ec - (ke +me) + ¢ - (ke +my)
= (ecke + ecke) + (eeme + ecme)
= (egme + e¢my).

By a similar reasoning r? satisfies

Ta(a)(ye) = 2(e¢ +e¢),
ks h(y?) = 2(ecke + eche) + (eeme + ecme) = (eeme + ecm).

Hence ¢? = e¢ +ec(# 0), €/ = 2¢%(# %), and d’ = egme + ecme are the desired
elements of F'. O

Now we can proceed with analyzing properties of condition trees. Recall that A
is a filtration of A*. Suppose m < w, T is an A,,-condition tree, n € Ind(A<.m,),
and p is a condition in P* such that ply < T'(n)[y for v = max A,,. We define a
function T'[n/p] by setting, for all v € Ind(A<m),

p ifv=mn;
T[U/p](l/) - {p[ﬂu L T(l/) Otherwise;

where 3, = max{y € A, | v|v=nly}. Observe that for each v € Ind(Ac.n),
T[n/pl(v) is a condition in P* since p[f, < T,18, = T,[8,. Hence, T[n/p] is an
Acm-condition tree and T'[n/p] < T.

Lemma 3.16. Suppose € < w1 and T is an Ay, -condition tree. Then there is an
A -condition tree R <T of height > e.

Proof. Suppose {n; | i < k}, k < w, is an enumeration of Ind(A,,). We define,
by induction on j < k, Acp,-condition trees R as follows. Let R° be T. Suppose
j <k, R* for all ¢ < j are defined, and the conditions R’(7;), i < j, are of height
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> e. By Lemma 3.2(b) there is p < R7(n;) in P* having height greater than e. We
define R7*! to be R7[n;/p]. It follows that R* < T is an A,,-condition tree of
height > e. O
Definition 3.17. We fix the following notation for each m < w:

Val(A¢p,) = {7 | 7is a function from Ind(A,,) into F'},
IInd(Acm) = {nla+1| a€ A, and n € Ind(Acm)},
IVal(Acy,) = {o | o is a function from IInd(A,,) into F'}.

Let m < w, and let T be an A ,,-condition tree. For all y € Vec and (o,7) €
IVal(Agm) % Val(Agy,) we write

Tly) = (0,7)
if for each n € Ind(A.,), both of the requirements
for each a € Ay, either a is T)-trivial or T, (a)(y) = o(nfa + 1)
and
T, o hiy) = (1)

are satisfied. We define TPos(Ac,,) to be the set of all (o,7) € IVal(Agp,) X
Val(A¢p) with the following property. For all A_,,-condition trees T' there exist
an unbounded subset Y of Vec and for each y € Y an A,,-condition tree 7Y < T
satisfying TY[y] = (o, 7).

Suppose m < w and T is an A,,-condition tree. We set

Dec(T) = {yeVec | forallnelnd(A.,)and o € A,
o is T,-trivial or supp(y) € dom(T(a))},

Dec(T) = {y€Vec | forallneInd(A.,)and a € Ay,
supp(y) & dom(T;(a)) },
Decj(T) = {y€Vec | foreachn € Ind(An),

T;, decides the value of iL(y)}
For i = 0,1, (0;,75) € IVal(Ag) X Val(Ag,,) and e; € F we define the sum
eo - (00,70) +e1 - (01,71)
to be the pair (o,7) € IVal(Ag,,) x Val(Agy,), where for all v € TInd(Ag,,) and
n € Ind(Acm)
o(v) = eo-o0(v)+er-o1(v),
T(n) = eo-mo(n) +er-Ti(n).
Lemma 3.18. Suppose m < w and T is an Acm-condition tree.
a) For every y € Vec there is an Agp,-condition tree R < T for which y €
Dec(R) N Decj (R).
b) For all y € Dec(T) and o € IVal(A.,,) there are an A.,,-condition tree
R <T and T € Val(Acy,) such that Rly] = (o, 7).
c) For any o € IVal(A.,,) there is T € Val(Agy,) such that (o,7) € TPos(Acm)-
d) If (04,7:) € TPos(Acn) and e; € F, for i =0,1, then 3 ,_, €; - (04, 7;) is in
TPos(Acm).



THE NUMBER OF Lsow,-EQUIVALENT NON-ISOMORPHIC MODELS 1809

Proof. a) Suppose Ind(Acp,) = {n; | i < k}. Let R be T. Assume A_,,-condition
trees RY, i < j < k, are already defined.

(A) By Lemma 2.3(a) there is p < R7(n;) in P* for which supp(y) € dom(p(«))
for all o € A,,.

Assume ¢ < p in P* decides the value of h(y), and define R7! to be R7[n;/q].
Then y € Dec(R"*) N Decj (R¥).

b) This is proved as (a). The only difference is that instead of (A) the following
is used:

by Lemma 3.5(b) there is p < R?(n;) in P* such that, for each o € A,,,
either « is p-trivial or p(a)(y) = o(n;[a + 1).

Then the function 7 € Val(AL,,) satisfying R*[y] = (o, 7) is uniquely determined
by RF.

¢) Since T and the domains of the conditions in T are countable, there must be a
limit 67 < w; such that, for every y € Vec, min(supp(y)) > 67 implies y € Dec(T).
Hence, directly by (b), for every y € Dec(T') there are TY < T and 7Y € Val(A.,,)
satisfying T¥[y] = (o,7Y). Since Val(A.,,) is countable and Dec(7T') uncountable,
there must be an unbounded subset Y of Dec(T) and 7 € Val(A.y,) such that
T = 7Y for each y € Y. Thus Y and the trees (TY | y € Y) stronger than the
arbitrary A,,-condition tree T exemplify (o, 7) € TPos(Acm).

d) Since (09, 709) € TPos(Ay,), there are an unbounded subset Y of Vec and,
for each y € Y, an A,,-condition tree T < T satisfying T [y] = (00, 70). Because
(01,71) € TPos(AL,,), there exist for each y € Y an A_,,-condition tree T} < T¢
and an element z, € Vec such that max(supp(y)) < min(supp(zy)) and T} [z,] =
(01,71). Consequently, for all y € Y,

TYleoy + e1zy] = eg - (00, 70) + €1 - (01, 71).

So the unbounded subset {(eoy +e12,) | y € Y} of Vec and the trees (TY | y € Y)
stronger than an arbitrary T' exemplify that Zi:()’l e;-(04,7;) is in TPos(A¢,,). O

We let 0,7 be the 0-function of IVal(A,,) and 0y the O-function of Val(Ap,).
For all 7 € Val(A¢p), n € Ind(Acp), and d € F, 7[n — d] denotes the function in
Val(A¢,n) which is the same as 7 except it maps 7 into d.

Lemma 3.19. For every o’ € IVal(A,,) the pair (o',0y) is in TPos(A<pm,).

Proof. We shall prove the following claim.

For every ng € Ind(A¢,,) there are (0,7) € TPos(A¢,,) and dy € F
such that dy # 7(no) and (o, T[Ny — di]) is in TPos(Acm).

This suffices, because if the claim holds then by Lemma 3.18(d)

1
Ty =i (@ 7) = @7l = D)
1 IVal Val
= —a (OO = 7w =)

= (00,07 [no — 1]) € TPos(Acm,),
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for all g € Ind(A<,,). Furthermore, by Lemma 3.18(c), there is 7/ € Val(A,,) for
which (o/,7") € TPos(A<), and hence, by Lemma 3.18(d),

(@)= S () (05,0 o — 1))
no€Ind(Agrm,)
= (U/a T/) - (Ozala T/)
= (0,0,") € TPos(Acp,).

For the rest of the proof of the lemma let o be the maximal element of A,,, T
an Ac,,-condition tree, and 7y an arbitrary element of Ind(Ag,,). By Lemma
3.15(c) there are ¢,dy # dy € F, an unbounded subset Z of Vec, and conditions
py,py < T(no), for each y € Z, exemplifying (c,dp,c,d1) € Posa(T(n)). This
means that for all y € Z, i =0,1, and 8 € A,,,

pola = pila,
p} lFa~ h(y) = d;,
o (B)(y) = p{(B)(y) or B is p}-trivial for both ¢ = 0 and 1.

By Lemma 3.18(a) there is an A,,-condition tree TY < T'[no/pf] for every y € Z
such that y € Dec(T¥) N Dec;,(TY). Since Z is uncountable, there must be an un-
bounded subset Y of Z and (o, 7) € IVal(Ag,,) x Val(Ag,,) such that TY[y] = (o, 7)
for all y € Y. So Y and the trees (TY | y € Y) stronger than an arbitrary
tree T exemplify (o,7) is in TPos(A,,). Observe that T%(ny) < p§ implies
TY(no) ko~ h(y) = 7(no) = do.

Now, the function

RY =TY[no/(T¥(no)lcx) U pY]

is a Acy,-condition tree for each y € Y, since TY(no) | < p§la = p{|a. Hence Y
and (RY | y € Y) exemplify (o, 7[no — di]) is in TPos(Acm). O

We are now ready to give the last missing piece.

Proof of Lemma 3.12. Fix a countable elementary submodel M of H-(p*, ?L) sat-
isfying M Nw; = 6* € S. We define A* = M Na*. Let A be a filtration of A*.
Since the sets A,, € A* € M, m < w, are finite, they belong to M as well as the
sets Ind(Acp ), IInd(Ag,,), and Val(Ag,y,). Let € = (€, | m < w) be an increasing
sequence of ordinals with limit §*.

For each m < w we define the A,,-complete element of IVal(A,,) to be the
unique o € IVal(Ag,) for which o(nfa +1) = n(a,m) for all n € Ind(A,,) and
a€ A,

We define a ladder § = (ym, | m < w) on §* and an (€, 7)-tree system (T™ |
m < w) on A by induction on m < w. Our main tool is Lemma 3.19, which will
ensure that 7" forces (ﬁ(ym) =0) for all m < w and 7 € Ind(A,,). During the
induction we work inside M.

Suppose m = 0. We define a trivial A¢op-condition tree R in M by R(n) = p*
for each n € Ind(A¢p). Note that dom(p*) € {0} U A*. By Lemma 3.16 there is in
M an A o-condition tree R’ < R which is of height > ¢y. By Lemma 3.19 there
are yo € Vec N M and an A_p-condition tree T° < R’ in M satisfying

co <min(supp(yo)) and  T°[yo] = (o, 05"),

where o is the Ag-complete element of IVal(A).
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Similarly, when y,, € Vec N M and T™ in M are already defined, we can find
Ym+1 € VecN M and an A,,41-condition tree Tm+L < T™ in M satisfying

s {epes1, max(supp(yn))} < min(supp(yms1).
T™*1 is of height > €, 1,

Terl[ym-i-l] = (Uv 0;;/1&;-1))

where o € IVal(Agp41) 18 Apt1-complete.
It follows directly from the definition above that 7 is a ladder on 6* and, for
every m < w,

T™ is an Acn,-condition tree,

for all n € Ind(A<),dom(T}") € {0} U A%,
T™ is of height > ¢, and < §*,

Tm+l <™,

Moreover, for each m < w and n € Ind(Ag,,) the property T™[ym,] = (o,07)
guarantees that

T lrax h(ym) = 0,7 (n) = 0,
and, since o is A,,-complete,
a is Ty'-trivial or T} () (ym) = o(nla + 1) = n(a,m), for all a € A,.
O

3.3. Remarks. There is a forcing notion which gives the conclusion of Theorem
2 for all finite fields simultaneously. Namely, we defined an iterated forcing Py =
CountLim (P, Q% | o < ws) for fixed k. The extended result would follow if each
@’fy was replaced by @i X @f’y X..., where @g takes care of the case 7(i) = (p, m) and
7 is a coding for the pairs of primes and positive integers. So F; would be the field
of size p™, where 7 (i) = (p,m). For example, to prove that for each “coordinate” i
the cardinality of Colg g, /Unif, p is as wanted, it would suffice to concentrate on
one coordinate i, and define the condition trees and systems, Pos,(p), etc., only
for fixed ¢. Hence an assumption that the size is wrong for some i would lead to a
contradiction in the same way as in Subsection 3.2.

It is possible to have a Vecp-ladder system on S such that card(Colg r/Unify p)
= Np. A proof of this fact would be a forcing argument just like the one we have
given. The only difference is that instead of one generic colouring b, one should
add generic colourings <5m | m < w) by defining @y = ILad x “ICol. Then by
replacing (b) » + Unif with ((bo, b1,...) + Unif) the desired result would follow.
The conclusion of such a generalized theorem would be

”‘P Card(a\()/ls,p/ﬁfip) = card(@o,gl, .. >F) = NQ.

Other changes would be, for example, that Lemma 3.6 would have the form Iy
“f x € (bo, by,...)p then x & Unif”, and analogous changes would be needed in
Lemma 3.15.

We may also continue the iteration longer than wy and get the consistency of

our main result with CH+ “any reasonable value for 2%t 7. The Ny-c.c. for such
a forcing follows from the use of No-P.I.C. [She82b| or, better, [She98| Section 2 of
Chapter 8].

During the given proof, for example in Lemma 3.3, it is possible to use the general
claim on preservation of (wy \ S)-complete forcing notions and the preservation
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of properness for the preservation of stationarity [She82b, Chapter 5] or [She98|
Chapter 5]. But this does not, however, help with the main problem.

4. THE MODELS

As in the preceding sections, we assume that S € w; is a set of limit ordinals,
F is a field, D is a filter over w including all cofinite sets of w, Vec is the vector
space over F freely generated by (z¢ | { < w1), « is a Vec-ladder system on S, Col
denotes the set of all F-colourings on S, and Unifis the set of all uniform colourings.

Let M be a model of vocabulary p, 0 < n < w, and R € p a relation symbol with
n + 1 places. We say that R is a partial function in M if there are X € M™ and
Y € M such that the interpretation R of the symbol R in M is a function from X
into Y. For all relations R € p which are partial functions in M, RM(z) = y means
r ~ (y) € RM, and atomic formulas R(x,y) are written in the form R(x) = y.

Definition 4.1. We define a vocabulary p and for all @ € Col models M, of
vocabulary p by the following stipulations:

a) Each model M, has the same domain (S x F<¥)U (Vec x F), where
F<“={ue“F | {n€w | u(n) =0} € D}.

b) For each y € Vec, R, is a unary relation symbol in p and RyM“ ={y} x F.

¢) For each § € S, R; is a unary relation symbol in p and RsMe = {§} x F<«.

d) For each n < w, Pr? denotes a function from S x F<“ into Vec x F defined
for all (6,u) € S x F<¥ by

Pra(0,u) = (wa,m asn +F U("))-

For each n < w, Pr, is a binary relation in p and PrnM° =Pr% So Pr, isa
partial function in M.
e) Forallbe F, +b € p, +bMa : Vee x F — Vec x F, and for all (y,c) € Vec X F,

+bMa (ya C) = (ya c+r b)

f) For all u € F<¥, tu € p, +uMa : § x F<¥ — § x F<¥_ and for all (6,v) €
S x F<v,

+uMe(8,0) = (6,0 +(p<wy u),
where v 4(p<wy u is the function in F<* defined for all n < w by
(v +(p<ey u)(n) = v(n) +r u(n).
g) The symbol + is in p, +a : (Vec x F)2 — Vec x F, and for all (y,b), (z,¢) €
Vec x F,
(y:0) +™2 (2,0) = (Y +vee 2,0 +F ©).

h) For each e € F, e- is a binary relation in p, e-Ma : Vec x F — Vec x F, and
for all (y,b) € Vec x F,

eMe (yv b) = (6 “Vec Y, € F b)

Remark. The cardinality of p is R; just for convenience. A finite vocabulary is
possible by parameterizing the relations as in [She85| Claim 1.4].

For each s € p ~ {Pr, | n <w}, the interpretation s™a is the same for all
a € Col. Hence we omit the superscript M.
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For p1 < wy, the restriction of Mg to the set
({y € Vec | supp(y) € u} x F)U ((SNp+ 1) x F<¥)
is denoted by Mg [u + 1.

Lemma 4.2. Suppose a,b € Col and p < ws.

a) If f: p— F uniformizes (b—a)lu+1, then Mglu+ 1= Mplp+ 1.

b) If Malp+1 = Mplu+1, then there is f : p — F which uniformizes
(b—a)fu+1.

c) Mg =ocow; Mp.

Proof. a) Suppose f : p — F uniformizes (b — a)[p+ 1. We define ¢ : Mg p+ 1 =
Mplp+ 1 by the following equations:

For all £ < u,

L(va O) = (xfa f(g))v

and for all (y,c) € Vec x F, we set

Uy.e) = +e(Lec, de(Uze,0)))
= (E§<Md53¢§, (E§<Md5-f(§))+c)
= (y7 f(y) + C)v

where y is of the form 3. dexe, de € F, and f(y) = >, de - f(§) as in
Section 2.
Forall6 € Snpu+1,

1(8,0) = (6,0%),

where 0 denotes the O-function of F<¥, and f)g is a function from w into F
defined for all n < w by

0f(n) = (D_el™ (&) — (bs.n — asn)

£<o
- f(w&n) - (bé,n - a&,n)a

where x5 5, is of the form ng eg’” - ¢, and, for all £ < 9, eg’" eF.
Furthermore, for all (§,u) € (SN p+1) x F<* we define

L(6,u) = +u(e(8,0)) = (4, 0! + u).

Since f uniformizes (b — a)[u + 1, the function f)f; isin <% foralld € SNpu+1.
Clearly ¢ is bijective, and by its definition it preserves all the interpretations of the
symbols in p\ {Pr,, | n < w}. Hence, to prove that ¢ is an isomorphism, it suffices
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to show that, for all n < w and (§,u) € (SNp+1) x F<¥,
UPre(6,u)) = t(®sn, asm + u(n))
= (5n, f(®5n)+ asn +u(n))
= (@5 Bsn + (F(@sin) = (bsin — @5.0)) +u(n))
= (T, bo.n + 0L (n) +u(n))
= (@5, bsn + (Og +u)(n))
=Pr2(s, 0{; +u)
=Pr? (¢(0,u)).
b) Suppose then ¢ : Mgfp+1 =2 Mpfu+ 1. We let f: u — F be the unique
function satisfying, for all £ < p and ¢ € F, f(§) = c iff 1(x¢,0) = (z¢, ¢).

Assuming that x5, is of the form ng eg’" -x¢, for all 0 € S and n < w the
following equation holds in both models:

:Bgn, Ze :L'E, Ze :L'E,

£<6 £<s

Hence the isomorphism ¢ satisfies

(T5n,0) = Ze t(xe,0
<6

= Ze - (xe, f(€))

<6

= (wé,na f(wé,n))

In addition to this, ¢ satisfies ¢(@s pn, @s.n) = (a:(;,n, fxsn)+ a57n). So the following
equation holds for all 6 € SN+ 1 and n < w:

(@50, f(®o,0) + A5.n) = L(Ts,n, A5.0) = L(Pr(6,0))
= PI‘n<L(5, O)) =Ppr (0, f;)
= (@5,n, b5, + 05(n)),

where 03 is the function in F<* satisfying +(5,0) = (4, ﬁg) It follows that, for all
deSNu+1landn<w,

bé,n —Q§n = f(xé,n) - Og(n)

Since 05 € F<, (b — a)(8) ~ f(x(5)) for all § € SN pu+ 1, ie., f uniformizes
(b—a)lp+1.

¢) To prove the claim we show that for all up < 1 < wy and tg : Mg po +1 =
Mplug + 1, there is 11 : Mglu1 + 1 = Mp[ur + 1 which is an extension of ¢g. This
suffices by [Dic85 Theorem 4.3.1 on page 353].

By (b) the existence of 1y implies that there is fo : po — F uniformizing
(b —a)lup + 1. By Lemma 2.3 there is an extension f; : u3 — F of fy which
uniformizes (b — a)[u1 + 1. Hence by (a), there is t1 : Mqgp1 + 12 Mplur + 1.

It can be easily seen from the proof of (b) that if u < wq, ¢/ : Mglu+1 =
Mplp+1, and f : p — F is the function given in the proof of (b), then the
isomorphism ¢ given in the proof of (a) is the same as /. Hence fy € fi implies
Lo € 1. O
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Lemma 4.3.

a) For all a,b € Col, Mg = My iff a ~ b.

b) Suppose N is a model of vocabulary p, card(N) = Ry, and N =oon,y, Mg for
some a € Col. Then there is b € Col such that N = My,

¢) For each a € Col, No(M,) = card(Col/Unif).

Proof. (a) holds by (a) and (b) of Lemma 4.2.
b) We let ¢s, for all § € S, be the following Lo, (p)-sentence:

Hrsn | n <w)Vs € R5( \/ ( /\ Pr,(s) =150 A /\ Pr,(s) # r,gm)).
IeD nel new~/t

For all § € S, ¢s holds in N since the interpretation r5,, = (s, as,), for all
d € S and n < w, satisfies the formula in M,. We let (r5, | n <w), 6 € 5, be a
sequence of elements in N satisfying ¢s, and ss the unique element in RgN which
satisfies Pr," (s5) = rs., for all n < w.

We define ¢ : (S x F<¥)U (Vec x F') — N by the following stipulations.

For all § € S,
1(6,0) = ss,
(where 0 denotes the 0-function of F<“), and for all (§,u) € S x F<¢,
u(8,u) = +u? (1(6,0)).

For all £ < w1, t(z¢,0) is an arbitrary element in R%N7 and for all y € Vec,

t(y,0) = ZN ((d§~)N(L($E,O))),

E<w
where y is of the form ZE</L dexe. For all (y,c) € Vec X F, set v(y,c) =
+N (¢(y,0)).
Using ¢, we define b to be the F-colouring on S which satisfies, for all § € S and
n < w,

L(wé,n; bé,n) =Tsn-

Such a colouring exists since ¢ is surjective.

To show that ¢ is an isomorphism between Mj and N, we first note that ¢
is a bijection, and that the preservations of the interpretations of the symbols in
p~A{Pr, | n <w} are obvious. So it suffices to check that

L(Prl(6,u)) = PrnN(L(é, u))
for all n < w and (§,u) € S x F<¥.
For allu € F<¥, n < w, andsER(;N,
+u(n) (PrnN(s)) = Pr,V (+u(s)),

since in My, for all (§,v) € S x F<¥,

+u(n)(Pra(6,v)) = +u(n)(xsmn, asn+v(n))
(5,05 s, +v(n) +u(n))
= (m&nv as n + (’U + u)(n))
= Pr2(d,v+u)
= Pr2(+u(d,v)).
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Thus for all n < w and (§,u) € S x F<¥ the following equation holds:

NACRD) ﬁmm,mm+um»
+u(n)(®sm, bon))

+u(n ) (e(x5ms bon))
+u(n ) (Tén)
+u(n ) (Prn (s5))
P N (N (s5))

5,0 )))

PnN( N (u(s,
= PrnN(L((S, u)),
where we assume that ¢ preserves the interpretations of symbols +u(n) and +u.

¢) By Lemma 4.2(c) and (a), No(M,) is at least card(Colg,p/Unif, p). On the
other hand, (b) shows that

No(Mg) < card({M/= | ¢ € Colg r}) = card(Colg,p/Unify p).

O

Proof of Theorem 1. Let S be bistationary in wy and F of size 2. Then by Theorem
2 it is consistent with ZFC+ GCH that there is a Vec-ladder system x on S such
that card(Col/Unif) = 2. Then, for any a € Col, No(M4) = 2 by Lemma 4.3(c).
Now Theorem 1 follows from the following fact [She82al:

if there is a model M for which No(M) = 2, then for each k& < w there is
a model My, of the same cardinality as M with No(My,) = k.

We sketch the proof of this fact. Fix 1 <! < w and let A = card(M). Define M4
to be the disjoint union of [ copies of M. Add a binary relation symbol ~ to p,
say p) = pU{~}, and for all z,y € M, set x ~Mi+1 ¢ iff 2 and y are in the
same copy of M. Then each model of cardinality A which is Loz (p’)-equivalent
to M1 must have the same structure as M;;1 has, i.e., it is a disjoint union of
I equivalence classes under ~, and each class alone forms a model N;, i < [, of
cardinality A which is Loox(p)-equivalent to M. Since there are [+ 1 ways to select,
up to isomorphism, the models N; =.x M for i < [ (the order in the selections of
the N; is immaterial—only the number of A/; which are isomorphic to M matters),
and because all such selections are pairwise Loz (p’)-equivalent, No(M;1) must
be I +1. O
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